Abstract. Motivated by a result of Ky Fan in 1965, we establish a characterization of a left amenable F-algebra (which includes the group algebra and the Fourier algebra of a locally compact group and quantum group algebras, or more generally the predual algebra of a Hopf von Neumann algebra) in terms of a finite dimensional invariant subspace property. This is done by first revealing a fixed point property for the semigroup of norm one positive linear functionals in the algebra. Our result answers an open question posted in Tokyo in 1993 by the first author (see [25, Problem 5]). We also show that the left amenability of an ideal in an F-algebra may determine the left amenability of the algebra.
introduction
In [9] (see also [10, 11, 29, 32, 34] ), Ky Fan established the following remarkable "Invariant Subspace Theorem" for left amenable semigroups:
Theorem. Let S be a left amenable semigroup, and let S = {T s : s ∈ S} be a representation of S as continuous linear operators on a separated locally convex space E. Then the following property holds:
(KF): If X is a subset of E (containing an n-dimensional subspace) such that T s (L) is an n-dimensional subspace contained in X whenever L is one and s ∈ S, and there exists a closed S-invariant subspace H in E of codimension n with the property that (x + H) ∩ X is compact convex for each x ∈ E, then there exists an n-dimensional subspace L 0 contained in X such that T s (L 0 ) = L 0 for all s ∈ S.
The origin of Ky Fan's Theorem lies in the earlier investigations of Pontrjagin, Iovihdov, Krein and Naimark, concerning invariant subspaces for Lorentz transformations on a Hilbert space [20, 21, 22, 40, 41, 43] . In Physics, a Lorentz transformation is an invertible linear mapping on R 4 that describes how a measurement of space and time observed in a frame of reference is converted into another frame of reference. From special relativity Lorentz transformations may be characterized as where the constant c is the speed of light. Quantity J represents the space time interval. It is a well known fact that for any Lorentz transformation T there is a three dimensional subspace V of R 4 which is T -invariant and positive (in the sense that T ( x) = x and J( x) ≥ 0 for all x ∈ V ).
L. S. Pontrjagin [43] , I. S. Iovihdov [20] , M. G. Krein [22, 21] and M. A. Naimark [40, 41] investigated infinite-dimension versions of the above invariant subspace property, and Naimark finally established the following theorem in 1963 [40] .
Theorem. Let n > 0 be an integer. Consider the quadratic form on ℓ 2 given by
Suppose that G is a commutative group of continuous, invertible, J n -preserving, linear transformations on ℓ 2 . Then there is a G-invariant n-dimensional subspace V of ℓ 2 which is positive (in the sense that J n (x) ≥ 0 for all x ∈ V ).
To understand the conditions on the subset X in Ky Fan's property (KF) we note that X = {x ∈ ℓ 2 : J n (x) ≥ 0} in the setting of the above theorem satisfies indeed the requirement in (KF). However, there is no mention of an invariant subspace H in Naimark's result. Ky Fan's Theorem removes the commutative group and Hilbert space restrictions of Naimark's Theorem, replacing them by amenability and the conditions involving H.
The purpose of this paper is to establish a finite dimensional invariant subspace property similar to (KF) for the class of F-algebras. The class of F-algebras includes many classical Banach algebras related to a locally compact group or a hypergroup. It also includes the predual algebras of Hopf von Neumann algebras, in particular the class of quantum group algebras L 1 (G). To achieve our goal we will first study the semigroup of all norm one normal positive functionals on the dual von Neumann algebra A * with the norm topology carried from A. We will show that the left amenability of an F-algebra A is equivalent to the extreme left amenability of this topological semigroup. This equivalence plays an important role in our investigation about the Ky Fan's property for F-algebras.
The paper is organized as follows: In Section 2 we discuss some basic properties of left amenability for an F-algebra that we shall need in establishing our main results. In Section 3 we show (Theorem 3.2) that an F-algebra A is left amenable if and only if the semigroup S of normal positive functionals of norm 1 on A * has a fixed point property on a compact Hausdorff space. The latter property is equivalent to S being extremely left amenable. In Section 4 we shall prove our main result (Theorem 4.1) about the finite dimensional subspace property of the F-algebra A when A is left amenable. Special cases regarding Banach algebras associated to a locally compact group or hypergroup and the quantum group algebra of a locally compact quantum group are also addressed there. In Section 5 we investigate further the relation between the left amenability of an F-algebra and that of its closed left ideals. Applications to the group algebra L 1 (G), the measure algebra M (G) and the Fourier Stieltjes algebra B(G) are given. In Section 6 we shall present some related results and discuss briefly the operator amenability for F-algebras. We will also address some open problems in this section.
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Finite dimensional invariant subspace property for F-algebras was studied in [33] with the additional assumption of "inversely equicontinuity" on the actions. The finite dimensional invariant subspace property considered in our main theorem (Theorem 4.1) in this paper removes this redundant assumption. It is the natural analogue of Ky Fan's finite dimensional subspace property (KF). We also answer an open problem posted by the first author in 1993 during a conference on Nonlinear and Convex Analysis held at Keio University, Tokyo, (see [25, Problem 5] ) regarding quantum group algebras L 1 (G).
preliminaries
For a locally convex space E, the dual space of E is denoted by E * . The action of f ∈ E * at x ∈ E is denoted either by f (x) or by x, f . Let A be a Banach algebra and let X be a Banach left, right or two-sided A-module. Then X * is respectively a Banach right, left or two-sided A-module with the corresponding module action(s) defined naturally by
A Banach algebra A is an F-algebra [28] (also known as Lau algebras [42] ) if it is the (unique) predual of a W * -algebra M and the identity e of M is a multiplicative linear functional on A. Since A * * = M * , we denote by P 1 (A * * ), the set of all normalized positive linear functionals on M, that is P 1 (A * * ) = {m ∈ A * * : m ≥ 0, m(e) = 1}.
In this case P 1 (A * * ) is a semigroup with the first (or second) Arens multiplication). Examples of F-algebras include the predual algebras of a Hopf von Neumann algebra (in particular, quantum group algebras), the group algebra L 1 (G) of a locally compact group G, the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) of a topological group G (see [6, 28, 31] ). They also include the measure algebra M (S) of a locally compact semigroup S. Moreover, the hypergroup algebra L 1 (H) and the measure algebra M (H) of a locally compact hypergroup H with a left Haar measure are F-algebras. In this case, it was shown in [49, Theorem 5.2.2] (see also [50, Remark 5.3] 
is not a Hopf von Neumann algebra unless H is a locally compact group.
We recall that a semitopological semigroup is a semigroup S with a Hausdorff topology such that, for each a ∈ S, the mappings s → as and s → sa from S to S are continuous. S is called a topological semigroup if the mapping (s, t) → st: S × S → S is continuous when S × S is equipped with the product topology.
Let G be a locally compact group with a fixed left Haar measure λ. Then the group algebra L 1 (G) is the Banach space of λ-integrable functions with product
If S is a locally compact semigroup, then the measure algebra M (S) is the space of regular Borel measures on S with the total variation norm and the convolution product (see [18] ) defined by
where C 0 (S) denotes the space of continuous functions vanishing at ∞. If S is discrete, then M (S) = ℓ 1 (S). In his seminal paper [8] P. Eymard has associated to a locally compact group G two important commutative Banach algebras. These are the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G). The latter is indeed the linear span of the set of all continuous positive definite complex-valued functions on G. This is also the space of the coefficient functions of the unitary representations of the group G. More precisely, given u ∈ B(G) there exists a unitary representation π of G and two vectors ξ and η in the representation Hilbert space H(π) of π such that
Equipped with the norm u = inf ξ,η ξ η and the pointwise multiplication B(G) is a commutative Banach algebra, where the infimum is taking on all ξ and η satisfying the preceding equality. As a Banach algebra B(G) is also the dual space of the group C*-algebra C * (G). The Fourier algebra A(G) is the closed ideal of B(G) generated by the elements of B(G) with compact supports. The algebra A(G) can also be defined as the set of coordinate functions of the left regular representations of G on L 2 (G). When G is abelian, via Fourier transform we have
whereĜ is the dual group of G. Let S be a semitopological semigroup. Let C b (S) be the commutative C*-algebra of all bounded continuous complex-valued functions on S with the sup norm topology and the pointwise product. Consider its C*-subalgebra LU C(S) consisting of all left uniformly continuous functions on S (i.e. all f ∈ C b (S) such that the mapping s → ℓ s f from S into C b (S) is continuous when C b (S) has the norm topology, where (ℓ s f )(t) = f (st) for s, t ∈ S). Evidently, LU C(S) is invariant under translations and contains the constant function. The semigroup S is called left amenable if LU C(S) has a left invariant mean, that is there is m ∈ LU C(S) * such that
We call S extremely left amenable if there is a left invariant mean m which is multiplicative, that is it satisfies further
Let A be an F-algebra. Elements of P 1 (A * * ) are called means on A * = M. It is well-known that
is a topological semigroup with the product and topology carried from A (this may be regarded as a consequence of [46, Proposition 1.5.2]), and P 1 (A) spans A (see [46, Theorem 1.14.3] ). A mean m ∈ P 1 (A * * ) on A * is called a topological left invariant mean, abbreviated as TLIM, if a·m = m for all a ∈ P 1 (A), in other words m ∈ P 1 (A * * ) is a TLIM if m(x · a) = m(x) for all a ∈ P 1 (A) and x ∈ A * .
An F-algebra A is called left amenable if, for each Banach A-bimodule X with the left module action specified by a · x = a, e x (a ∈ A, x ∈ X), every continuous derivation from A into X * is inner. The following was shown in [28] (see Theorems 4.1 and 4.6 there).
Lemma 2.1. Let A be an F-algebra. Then the following are equivalent.
(1) There is a TLIM for
for each a ∈ P 1 (A).
We note here that, being F-algebras, the group algebra L 1 (G), the measure algebra M (G) of a locally compact group G are left amenable if and only if G is an amenable group; while the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G) are always left amenable [28] . The hypergroup algebra L 1 (H) of a locally compact hypergroup H with a left Haar measure is left amenable if and only if H is an amenable hypergroup [47] . Also the left amenability of the predual algebra of a Hopf von Neumann algebra, as an F-algebra, coincides with that studied in [44, 48] (see also [2] and references therein).
Remark 2.2. Suppose that A and B are F-algebras associated to W*-algebras M 1 and M 2 respectively. Let e i be the identity of M i (i = 1, 2). It is readily seen that if there is a Banach algebra homomorphism P : A → B such that P * (e 2 ) = e 1 and P (A) is dense in B, then the left amenability of A implies the left amenability of B.
Fixed point property
Let S be a semigroup and let C be a Hausdorff space. We say that S = {T s : s ∈ S} is a representation of S on C if for each s ∈ S, T s is a mapping from C into C and T st (x) = T s (T t x) (s, t ∈ S, x ∈ C). Sometimes we simply use sx to denote T s (x) if there is no ambiguity in the context. Suppose that S is a semitopological semigroup. We say that the representation is separately (resp. jointly) continuous if the mapping (s, x) → T s (x) from S × C into C is separately (resp. jointly) continuous. If C is a locally convex space E with topology generated by a family Q of seminorms, we denote it by C = (E, Q).
A metric semigroup is a semitopological semigroup whose topology is a metric d. We consider the following fixed point property for a metric semigroup S.
(F U ): If S = {T s : s ∈ S} is a separately continuous representation of S on a compact subset K of a locally convex space (E, Q) and if the mapping s → T s (y) from S into K is uniformly continuous for each y ∈ K, then K has a common fixed point for S. Note that the mapping s → T s (y) is uniformly continuous if for each τ ∈ Q and each ǫ > 0 there is δ > 0 such that
For example, suppose that S is a subset of a locally convex space L that acts on E such that (a, y) → ay: L × E → E is separately continuous; if a → ay is linear in a ∈ L for each y ∈ E, then the induced action of S on E, (s, y) → sy (s ∈ S), is uniformly continuous in s for each y ∈ E. Let A be an F-algebra. As we have known, P 1 (A) is indeed a metric topological semigroup with the product and topology inherited from A. 
in norm topology for each a ∈ P 1 (A). Fix a y ∈ K. We may assume, without loss of generality, lim α T mα (y) = y 0 ∈ K due to the compactness of K. Then for a ∈ P 1 (A), by separate continuity we have
If, in addition, the representation satisfies that s → T s (y) is uniformly continuous, then
Thus y 0 is a common fixed point for P 1 (A). This shows that(F U ) holds for P 1 (A). Conversely, suppose (F U ) holds for P 1 (A). Let (E, wk*) be A * * with the weak* topology, and let K = P 1 (A * * ), the set of all means on A * . K is a compact subset of E. The canonical representation of P 1 (A) on K induced by the left A-module action on A * * is clearly separately continuous. The mapping s → sm is normnorm uniformly continuous and hence is also norm-weak* uniformly continuous. Therefore there is a common fixed point m 0 ∈ K for P 1 (A). This m 0 is indeed a TLIM on A * . So A is left amenable.
Granirer showed in [16] that a discrete semigroup is extremely left amenable if and only if any two elements of it have a common right zero (see [35, Theorem 4.2] for a short proof). It is due to Mitchell [38] that a semitopological semigroup S is extremely left amenable if and only if it has the following fixed point property.
(F E ): Every jointly continuous representation of S on a compact Hausdorff space C has a common fixed point in C. For an F-algebra A it is pleasing that the left amenability of A is equivalent to the extreme left amenability of P 1 (A) as revealed by the following theorem.
Theorem 3.2. Let A be an F-algebra. Then A is left amenable if and only if P 1 (A) has the fixed point property (F E ).
Proof. We denote P 1 (A) by S. Let ∆ be the spectrum of LU C(S), that is
It is evident that ∆ is a compact subset of the locally convex space (LU C(S) * , wk*).
, where ℓ * s is the dual operator of the left translate ℓ s by s. Then S = {T s : s ∈ S} is a representation of S on ∆. Since ℓ * s is weak* continuous, the representation is separately continuous. Furthermore, if s 1 , s 2 ∈ S, f ∈ LU C(S) and µ ∈ ∆, we have
Since f ∈ LU C(S), for any ǫ > 0 there is δ > 0 such that ℓ s1 f − ℓ s2 f < ǫ whenever s 1 − s 2 1 < δ. This shows that the representation of S on ∆ is uniformly continuous in s. If A is left amenable, then there is µ ∈ ∆ such that ℓ * s (µ) = µ for all s ∈ S due to Lemma 3.1. Clearly, this µ is a multiplicative left invariant mean on LU C(S). So S is extremely left amenable.
Conversely, if S is extremely left amenable then (F E ) holds from Mitchell's Theorem [38] . We consider K = P 1 (A * * ). With the weak* topology of A * * , K is a compact Hausdorff space. Consider the representation of S on K induced by the left A-module action on A * * . We show that the representation is jointly continuous, that is
If s → s 0 in the norm topology of A and m → m 0 in the weak* topology of A * * , the right side tends to 0. So the representation is jointly continuous. From (F E ) there is a common fixed point in K for S which gives a TLIM on A * .
As we is known (see the paragraph after Lemma 2.1 or [28] ), a locally compact group G is amenable if and only L 1 (G) is left amenable as an F-algebra. For a semigroup S, S is a left amenable semigroup if and only ℓ 1 (S) is a left amenable F-algebra. According to Theorem 3.2, we therefore can characterize amenability of a group (resp. semigroup) in terms of the fixed point property of normalized positive functions in the group/semigroup algebra. 
1} has the fixed point property (F E ). (2) The semigroup S is left amenable if and only if the metric semigroup
Remark 3.4. For A = A(G), the Fourier algebra of a locally compact group G, the necessity part of Theorem 3.2 was obtained in [26] .
Remark 3.5. From Theorem 3.2, a locally compact group is amenable if and only if LU C(S G ) has a multiplicative left invariant mean, where S G is the metric semigroup
As a consequence, AP (S G ) has a left invariant mean (which is equivalent to the left reversibility of (S G ) a , the almost periodic compactification of S G ) if G is amenable. Remark 3.6. A common fixed point property for affine actions of P 1 (A) with a weak topology on compact convex sets has been studied in [7] for left amenable F-algebras A.
Finite dimensional invariant subspaces
Let E be a separated locally convex vector space and X a subset of E. Given an integer n > 0 we denote by L n (X) the collection of all n-dimensional subspaces of E that are included in X. Let S be a semigroup and S = {T s : s ∈ S} a linear representation of S on E. We say that X is n-consistent with respect to
whenever L ∈ L n (X). We say that the representation S is jointly continuous on compact sets if the following is true: For each compact set
Obviously, if the mapping (s, x) → T s (x): S × E → E is continuous, then S is jointly continuous on compact sets.
We are now ready to establish our main result. 
Proof. Let Y = E/H and let q: E → Y be the quotient map. Then Y is an n-dimensional locally convex space. Since H ∩ X is compact, It must be true that q| L is injective and hence q(L) = Y for each L ∈ L n (X). Fix a basis
From the hypothesis each X i is a compact subset of E. Let
X i since the latter is compact due to Tychynoff Theorem. Any linear combination n i=1 c i x i of the components of x is the limit of the net of same linear combinations of ( x α ) which is included in q −1 (
As the intersection of a fixed coset of H and X the last set is compact according to the assumption. So the linear span of x belongs to X. Since q( x) = y, we have x ∈ K. Thus, K is a compact Hausdorff space. We now define an S-action θ s (s ∈ S) on K by
It is evident that Λ = {θ s : s ∈ S} is a representation of S on K. We show that it is also jointly continuous.
We denote the natural S-action on Y inherited from that on E byT s (s ∈ S). The action ofT s is in fact formulated bỹ
−→ Y and L is the unique element of L n (X) containing x as its basis. In fact, the left side of (4.2) is, by definition, x Ts(L) , the only basis of T s (L) satisfying q( x Ts(L) ) = y; while the right side of (4.2) is also a basis of T s (L) and
s ( y) = y by identity (4.1). This shows that the right side of (4.2) is indeed x Ts(L) . So the identity (4.2) holds. The mapping s →T s from S to B(Y ), the algebra of bounded operators on Y , is also continuous. To clarify this, since Y is finite dimensional, it suffices to show s → T s (y), f is continuous for each y ∈ Y and f ∈ Y * . Take an x ∈ E such that q(x) = y. We have
Obviously, the right side is continuous in s since s → T s (x) is continuous (only weak continuity is needed) and f • q ∈ E * . Therefore, the mapping s →T s is continuous. As a consequence, the mapping s →T 
since the original representation S is jointly continuous on compact sets (Here the compact set is taken to be K ∪ M ((s α ))K and we note θ sα ( x α ) ∈ K for all α). This shows that Λ is a jointly continuous representation on K. By Theorem 3.2, we conclude that there is a common fixed point, say x 0 , for Λ in K. Let x 0 be a basis of L 0 ∈ L n (X). From the definition of θ s the above implies that the basis x 0 of L 0 is also a basis of T s (L 0 ) (s ∈ S). This leads to L 0 = T s (L 0 ) for all s ∈ S. Thus (F n ) holds. For the converse, we assume (F 1 ) holds. Consider the left A-module E = A * * = (A * ) * with the weak* topology, and consider the linear representation of S = P 1 (A) on E defined by the left A-module morphism:
It is easy to check that the representation is jointly continuous on compact sets of (E, wk*). Let X = ∪ u∈P1(A * * ) Cu.
Then L 1 (X) = {Cu : u ∈ P 1 (A * * )} is 1-consistent with respect to S. Now define
This is a 1-codimensional S-invariant closed subspace of E. We have
which is compact for each u ∈ E. By (F 1 ) there is m ∈ P 1 (A * * ) such that T s (Cm) = Cm (s ∈ S). So s · m = cm for some c ∈ C. Since m and s · m belong to P 1 (A * * ), we must have c = 1. Thus s · m = m for all s ∈ S = P 1 (A). Therefore, m is a TLIM on A * . So A is left amenable. We now show (F n+1 ) ⇒ (F n ). Suppose that E, X, H are as described in (F n ). We aim to show that there is L 0 ∈ L n (X) such that
assuming that (F n+1 ) holds. We considerẼ := E ⊕ C with the product topology, and extend the S-action on E toẼ by defining
The extended S-action is still jointly continuous on compact sets. Let
It is readily seen thatX is (n+1)-consistent with respect to S. Now H is a closed (n + 1)-codimensional S-invariant subspace ofẼ and
. Since L n (X) does not contain any (n+1)-dimensional subspace of E (otherwise H ∩ X will contain a nontrivial subspace of E which is contradict to the assumption that this intersection is compact),
Remark 4.2. When S is a semitopological semigroup, Ky Fan's property (KF) was denoted by P (n) in [29] . Our proof of Theorem 4.1 for the part (F n+1 ) ⇒ (F n ) still works to show P (n + 1) ⇒ P (n). It implies that if S has property P (n) then it has property P (1) and so S is left amenable. This, in turn, implies that P (n + 1) (in fact P (m) for all integers m) holds. Therefore, we have answered affirmatively the question posed in [29 We now consider some special cases. Example 1. For a discrete semigroup S, any left invariant mean on ℓ ∞ (S) is necessarily a topological left invariant mean on it (and vice versa). So Theorem 4.1 implies the following: If S is left amenable then, for all n > 0, the convolution semigroup algebra ℓ 1 (S) has the finite dimensional invariant subspace property (F n ). [51, Theorem 3.3] that amenability of G is equivalent to the left amenability of L 1 (G) and M (G). So the group algebra L 1 (G) and the measure algebra M (G) satisfy (F n ) for each n > 0 if G is amenable.
Example 3. From [8] and [31] , the Fourier algebra A(G) of a locally compact group G and the Fourier Stieltjes algebra B(G) of a topological group G are commutative F-algebras. Denote both by A. Since P 1 (A) is commutative, ℓ ∞ (P 1 (A)), the space of all bounded complex-valued functions on the discrete semigroup P 1 (A), has an invariant mean. By [33, Lemma 2.1], A is left amenable. therefore, A(G) and B(G) always have the invariant subspace property (F n ) for all n > 0.
We recall that a Hopf von Neumann algebra is a pair (M, Γ), where M is a von Neumann algebra and Γ: M → M⊗M is a co-multiplication, that is a normal, unital *-homomorphism satisfying
Here M⊗M denotes the von Neumann algebra tensor product of M with itself. The pre-adjoint Γ * : M * ⊗ M * → M * of the co-multiplication Γ induces a product, denoted by * , on the unique predual M * of M:
With this product M * becomes an F-algebra. Left amenability of M * has been studied in [44, 48] . Applying Theorem 4.1, we derive the following characterization result. We recall further that a locally compact quantum group is a Hopf von Neumann algebra (M, Γ) such that there exist a normal semifinite faithful left invariant weight φ and a normal semifinite faithful right invariant weight ψ on (M, Γ). We denote it by G = (M, Γ, φ, ψ) (see [23] ). In this case the F-algebra M * is called the quantum group algebra of G, denoted by L 1 (G); while the von Neumann algebra M in the case is usually written as
Let φ be a left Haar measure and let ψ be a right Haar measure on G. Then G = (M, Γ G , φ, ψ) is a locally compact quantum group and [24] . We note that Examples 2 and 3 are special cases of Corollary 4.4 since L 1 (G) and A(G) are quantum group algebras. However, the direct arguments we indicated there without detouring through quantum groups are much more natural and elementary. We also note that if m ∈ V N (G)
* is a topological left invariant mean, then the 1-dimensional subspace m spanned by m is closed left ideal in the Banach algebra V N (G) * = A(G) * * with the Arens product (see [15, 14] for the study of ideals in the bidual of A(G)).
A locally compact space H is a hypergroup if there is a "convolution product", denoted by * , defined on M (H), the space of bounded Radon measures on H, with which several general conditions are satisfied. We refer to [3] for the precise definition of a locally compact hypergroup. With the convolution product M (H) becomes a Banach algebra. When a locally compact hypergroup H has a left invariant Haar measure λ, the convolution product on
is then naturally defined to make it a Banach algebra, called the hypergroup algebra of H. One may consider amenability of H in terms of the existence of a left invariant mean on L ∞ (H) [47] . In general,
* cannot be a Hopf von Neumann algebra (in particular, it cannot be a quantum group) that induces L 1 (H) as its predual algebra unless H is a locally compact group [49] (also see [50] 
module inverse and left amenability of ideals
There are other useful characterizations for left amenability of F-algebras. We discuss some of them in this section.
Suppose that X and Y are two Banach left A-modules. Then the Banach space B(X, Y ) of all bounded linear operators from X into Y is a Banach A-bimodule. The module actions are given by 
Suppose that T ∈ B(X, Y ) is a left A-module morphism that has a continuous right inverse. Then there is a bounded net (F
Proof. From Lemma 2.1(3), there is a net (m i ) ⊂ P 1 (A) such that lim i am i − a, e m i = 0 in the norm topology of A for each a ∈ A. Let F ∈ B(Y, X) be a right inverse of T . Define F i = m i · F . Then the net (F i ) is bounded in B(Y, X), and each F i is a right inverse of T since T is a left A-module morphism and
Remark 5.2. We refer to [52, Theorem 3.1] for an analogue of Lemma 5.1 concerning approximate Banach algebras.
Let A be a Banach algebra. Given a multiplicative linear functional ϕ on A, we recall that A is ϕ-amenable if there is m ∈ A * * such that m(ϕ) = 1 and a · m = ϕ(a)m for all a ∈ A (see [19, 37] ). Indeed, if A is an F-algebra then to say that it is left amenable is equivalent to say that it is e-amenable. The concept of ϕ-amenability helps us to describe left amenability from the point of view of ideals of an F-algebra. We note that an ideal of an F-algebra A may no longer be an F-algebra since its dual space may no longer be a W*-algebra as a quotient of A * .
Example. Let G be a locally compact group and E ⊂ G be a proper subset of spectral synthesis. Let A(G) be the Fourier algebra of G, and let V N (G) be the group von Neumann algebra of G. Then A(G) [30, Lemma 7.3] ). In particular, I(E) is a closed ideal of A(G), and
is not a C*-algebra.
However, restricting on the ideal, the identity e of A * is still multiplicative. So we can consider e-amenability for ideals of an F-algebra. We denote the restriction e| J by e J . Proof. To show (1) we let m ∈ A * * be a TLIM on A * so that m(e) = 1, a · m = a, e m for a ∈ A. Let Y = Cm. Then Y is a Banach left A-module with the module action determined by a · m = a, e m. Note that, since J is a closed left ideal of A, J is naturally a Banach left A-module. Consider P : J → Y defined by P (j) = j, e m. Then P is a Banach left A-module morphism. Take a j 0 ∈ J such that j 0 , e = 1 and define Q: Y → J by Q(cm) = cj 0 . Then Q is a right inverse of P . In fact,
We now can apply Lemma 5.1 to obtain a bounded net (
This shows that j α , e J = 1 for each α. Moreover,
Thus J is e J -amenable.
To prove (2) we let ı: J → A be the canonical embedding of J into A. Then ı is a Banach left A-module morphism. So is ı * * : J * * → A * * , the second dual operator of ı. Moreover, ı * (e) = e J . If J is e J -amenable, then there is m 0 ∈ J * * such that m 0 (e J ) = 1 and j · m 0 = e J (j)m 0 = j, e m 0 (j ∈ J). Take a j 0 ∈ J such that j 0 , e = 1. We have j 0 · m 0 = m 0 and
From these, using a standard method (see, e.g., the last paragraph in the proof of [28, Theorem 4.1]), one can construct a TLIM m on A * from n. Therefore, A is left amenable. Example 5. Let A 1 and A 2 be F-algebras and e i the identity of the corresponding von Neumann algebra A * i (i = 1, 2). Then A = A 1 ⊕ 1 A 2 is an F-algebra with pointwise addition and scalar multiplication and with the product defined by (x 1 , x 2 ) · (y 1 , y 2 ) = (x 1 y 1 + x 2 , e 2 y 1 + y 2 , e 2 x 1 , x 2 y 2 ) for x 1 , y 1 ∈ A 1 and x 2 , y 2 ∈ A 2 . We have A * = A * 1 ⊕ ∞ A * 2 whose identity is e = (e 1 , e 2 ). It is readily seen that A 1 is a closed left ideal of A and e| A1 = e 1 . From Theorem 5.3, the F-algebra A is left amenable if and only if A 1 is left amenable. This result was originally obtained in [28, Proposition 4.5] . In particular, the Falgebra A 1 is left amenable if and only if its unitization A Proof. This is simply because ℓ 1 (S 0 ) is a closed left ideal of ℓ 1 (S) and left amenability of S (resp. S 0 ) is the same as left amenability of ℓ 1 (S) (resp. ℓ 1 (S 0 )).
We remark that Corollary 5.4 also follows from [39, Theorem 9] . We now turn to some interesting consequences of Lemma 5.1. Proof. If A is left amenable then, from Lemma 5.1, there is a bounded net (
in the weak* topology of (Y * ⊗ X) * . This implies that
in X * for y * ∈ Y * . By the weak* continuity of T we derive
for each y * ∈ Y * , a ∈ A. Thus Θ is a left A-module morphism. Conversely, consider the Banach right A-module X = A * and consider Y = C with the right A-module action c · a = c a, e (c ∈ C). Let T : X * → Y * (note Y * = C) be the continuous linear operator defined by
T is obviously a weak* continuous left A-module morphism and has a continuous right inverse. (Take a u 0 ∈ A * * such that e, u 0 = 1. Then F : c → cu 0 is such an inverse.) From the hypothesis, there is a continuous left A-module morphism Θ: Y * → X * which is a right inverse of T . Let n = Θ(1). Then we have e, n = T (n) = T • Θ(1) = 1 and a · n = a · Θ(1) = Θ(a · 1) = a, e Θ(1) = a, e n (a ∈ A). This implies that there exists a TLIM for A * . Therefore, A is left amenable due to Lemma 2.1. * is such that a · f = a, e f for a ∈ A. Then f extends to some F ∈ X * such that a · F = a, e F (a ∈ A). T : X * → Cf be defined by T (u) = P (u| Y ). Then T is a left A-module morphism. Let f ′ be an extension of f to X according to the Hahn-Banach Theorem. Then τ (cf ) = cf ′ defines a right inverse of T . The conclusion of the corollary follows from Corollary 5.5.
Some related results and open problems
Given a Banach algebra A we denote the spectrum of A by ∆(A), i.e. ∆(A) is the set of all multiplicative linear functionals on A. All results in the previous section can be easily extended to ϕ-amenability cases (see the paragraph after Lemma 5.1 for the definition of ϕ-amenability for a Banach algebra). Here we only highlight some of them below. Related investigation for ϕ-invariant functionals may be seen in [13] (see also [1, 12] for applications in studying finite-dimensional ideals in some algebras associated to a locally compact group).
Similar to Theorem 5.3 we can characterize ϕ-amenability of A in terms of that of ideals.
Proposition 6.1. Let A be a Banach algebra and ϕ ∈ ∆(A).
(
As a consequence of Proposition 6.1, we see immediately that A is ϕ-amenable if and only if A # , the unitization of A, is ϕ 1 -amenable, where ϕ 1 is the unique character extension of ϕ to A # . One can also derive a similar result concerning multiplier algebras. Recall that if A has a bounded approximate identity, then A is a closed ideal of its multiplier algebra M (A). For example, the group algebra L 1 (G) is a closed ideal of the measure algebra M (G) for a locally compact group G; and the algebra K(H) of compact operators on a Hilbert space H is a closed ideal of M (K(H)) = B(H). For any ϕ ∈ ∆(A), there is a unique characterφ ∈ ∆(M (A)) that extends ϕ ([5, Proposition 1.4.27]). We have the following.
Corollary 6.2. Let A be a Banach algebra with a bounded approximate identity and let ϕ ∈ ∆(A). Then A is ϕ-amenable if and only if its multiplier algebra M (A) isφ-amenable.
If A is an F-algebra associated to a von Neumann algebra M, then, as the predual of an operator space, it is naturally an operator space. But A may not be a completely contractive Banach algebra with this operator space structure. However, in many important cases A is indeed completely contractive. For example, it is well known that A is completely contractive if it is the predual algebra of a Hopf von Neumann algebra [44] . It is still possible that A is completely contractive without being a predual algebra of a Hopf von Neumann algebra. For example, as well known, in general a semigroup algebra ℓ 1 (S) is not a predual algebra of a Hopf von Neumann algebra. But it is still completely contractive. To see this one only needs to notice that as a commutative von Neumann algebra ℓ ∞ (S) = min ℓ ∞ (S). Then ℓ 1 (S) = max ℓ 1 (S) (see [4, Section 3.3] for detail). So the operator space projective tensor product ℓ 1 (S)⊗ℓ 1 (S) is the same as the Banach space projective tensor product ℓ 1 (S)⊗ γ ℓ 1 (S). Thus ℓ 1 (S)⊗ℓ 1 (S) = ℓ 1 (S × S) = max ℓ 1 (S × S) which implies that ℓ 1 (S) is completely contractive.
In the sequel we use the standard notations as used in the monograph [4] , In particular, for operator spaces V and W , V⊗W denotes the operator space projective tensor product of V and W . If V and W are preduals of von Neumann algebras R and S respectively, then V⊗W turns out to be the predual of R⊗S, the spacial von Neumann algebra tensor product of R and S [4, Theorem 7.2.4]. Now for the F-algebra A, denote by π: A⊗A → A the multiplication mapping. Its dual mapping is π * : M → M⊗M. We have the following fact. Proof. For each integer n, consider the induced π n : M n (A⊗A) → M n (A). We have
for a ∈ M p (A), b ∈ M q (A) and scalar matrices α ∈ M n,p×q and β ∈ M p×q,n . This duality formula leads one directly to the claimed equivalence.
We note that π * is a unital (i.e. π * (1) = 1 ⊗ 1) and co-associative (i.e. (id ⊗ π * ) • π * = (π * ⊗ id) • π * ) mapping. But π * is usually not an algebra homomorphism. In the case when A is a completely contractive F-algebra, one then can consider operator amenability for A. This is a weak version of amenability compare to B. E. Johnson's Banach algebra amenability. However if the associated von Neumann algebra M is commutative, then operator amenability of A is the same as Banach algebra amenability for A (This can be regarded as a consequence of [45, Proposition 2.5]). In particular, ℓ 1 (S) is operator amenable if and only if it is Banach algebra amenable, which turns out to be a very strong condition for a semigroup S. Regarding the relation between the left amenability and the operator amenability for a completely contractive F-algebra we have the following general result. From this n, with a standard construction one can get a left invariant mean on M.
We note that the above result was obtained for the Hopf von Neumann algebra case by Z.-J. Ruan in [44, Theorem 2.1], where left amenability was called Voiculescu amenability.
We conclude this paper with several open questions as follows. Problem 1. Let A be an F-algebra. Let (F ′ n ) denote the same property as (F n ) with "jointly continuous" replaced by "separately continuous" on compact subsets of E. Does (F ′ n ) imply (F n )? Let A be an F-algebra. Regard A as the Banach A-bimodule with the module multiplications being given by the product of A. Then the dual space A * is a Banach A-bimodule. We say that a subspace X of A * is topologically left (resp. right) invariant if a · X ⊂ X (resp. X · a ⊂ X) for each a ∈ A; We call X topologically invariant if it is both left and right topological invariant. An element of A * is almost periodic (resp. weakly almost periodic) if the map a → f · a from A into A * is a compact (resp. weakly compact) operator. Let AP (A) and W AP (A) denote the collection of almost periodic and weakly almost periodic functions on A respectively. Then AP (A) and W AP (A) are closed topologically invariant subspaces of A * . Furthermore, 1 ∈ AP (A) ⊂ W AP (A). When G is a locally compact group and A = L 1 (G), then AP (A) = AP (G) and W AP (A) = W AP (G), where AP (G) and W AP (G) are spaces of, respectively, almost periodic and weakly almost periodic continuous functions on G (see [27] and [35, 36] for more details concerning these spaces).
Let (F A n ) denote the same property as (F n ) with joint continuity replaced by equicontinuity on compact subsets of E. It is known that if A satisfies (F A n ) then AP (A) has a TLIM that is an element m ∈ AP (A) * such that m = m, e = 1 and m, f · a = m, f for all a ∈ A and f ∈ AP (A) (see [26] ).
Problem 2. Does the existence of TLIM on AP (A) imply (F
A n ) for all n ≥ 1? Let (F W n ) denote the same property as (F A n ) with equicontinuity on compact subsets of E replaced by quasi-equicontinuity on compact subsets of E (which means the closure of S in the product space E K , for each compact set K ⊂ E, consists only of continuous maps from K to E). We have known that if A satisfies (F W n ) for each n ≥ 1 then W AP (A) has a TLIM (see [26] ). Problem 3. Does the existence of TLIM on W AP (A) imply (F W n ) for all n ≥ 1?
